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1. Let U € R™*™ be an orthogonal matrix satisfying det(U) = 1.

(a) Prove that U can be written into the product of finitely many Givens
rotation matrices. Recall that an n x n Givens rotation matrix is an
orthogonal matrix G(i, 7, 6), for some given indices ¢ > j and some
angle 6 € [0,27], whose entries are the same as the identity matrix
except for

i = gj5 = cos b,
9ij = —05i = sin 6.

(b) Find an algorithm to compute the Givens decomposition in part (a).

2. Let A € C™*" be a self-adjoint matrix wth & dominant eigenvalues, which
are denoted by A;,  =1,2,--- ,n. In particular, we have

M| = Aol = o0 = [Ak] > [Apga] = o0 = [Aal.

We write
A=QDQ"

where @ € C"*" is unitary and D = diag();) € C"*" is diagonal. Con-
sider the following iteration

X+ — gx(m),

Assume that X(©) € C*** is given. Define P e cnxn by
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7= (i 1)
where I, is the k x k identity matrix, and P = QPQ*. Assume that PX(©)
has independent columns.



(a) Show that PX (™) also has independent columns.
(b) Hence, show that X (™) has independent columns.
(c) Show that, there is a matrix A € C¥** such that

I(AX ™ — XAy _ (Ilkﬂl)m I(AX©@ — xOp)y|
IPX ey T\ Ak IPX©@y]

for all non-zero y € C*.

3. Consider a system of two ODEs of the form

dx dy
Suppose that it is more computationally expensive to evaluate g than to
evaluate f.

(a) Prove that the multi-rate explicit Euler method defined by

k
Tjp1/2 = Tj+ §f(xj7yj)a

k
Tj+1 = Tjtr/z + 5 F(@54172,Y5),
Yi+1 = Y; +kg(z;,y5),
is locally second order, where k is the time step.

(b) Consider applying the method from (a) to the following linear prob-

lem:
dy
m =—x+vYy, P —Y.
Under what conditions on the time step k will the discrete solution
remain stable, i.e., as j — oo, both z; — 0 and y; — 0 for any initial

conditions?

4. For the advection equation u;+au, = 0 with a > 0, consider the five-point
stencil:

nt1 _ 1

u) i(u?_l +uliq) (ufo —8ujyq +8uj_y —uj_,).
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(a) Recall that the CFL condition for a scheme is when the numerical
domain of dependence contains the analytic domain of dependence.
It is a necessary condition for stability but not sufficient. Write down
the CFL condition for this scheme.

(b) Write down its amplification factor g(w). Recall that the von Neu-
mann stability Condition for a scheme is the condition on a, k, h such
that |g(w)| < 14 Kk for all admissible w, h, k. It is a necessary and



sufficient condition for stability. In this case, we see |g(w)| depends
on k through A = k/h, so the criterion reduced to |g(w)| < 1 for
all admissible w, k, h. Find out the von Neumann condition for this
scheme. How does that compare with the CFL condition?



